A note on certain maximal hyperelliptic curves  by Tafazolian, Saeed
Finite Fields and Their Applications 18 (2012) 1013–1016Contents lists available at SciVerse ScienceDirect
Finite Fields and Their Applications
www.elsevier.com/locate/ffa
A note on certain maximal hyperelliptic curves
Saeed Tafazolian 1
School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-5746, Tehran, Iran
a r t i c l e i n f o a b s t r a c t
Article history:
Received 4 March 2012
Revised 31 July 2012
Accepted 31 July 2012
Available online 11 August 2012
Communicated by Neal Koblitz
MSC:
11G20
11M38
14G15
14H25
Keywords:
Finite ﬁelds
Maximal curves
Hyperelliptic curves
In this note we provide a characterization of maximal hyperelliptic
curves C over a ﬁnite ﬁeld Fq2 given by the equation y2 = xm + x.
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Let Fq2 be a ﬁnite ﬁeld with q
2 elements, where q is a prime power, and let C be a projective, non-
singular, geometrically irreducible algebraic curve (hereafter referred to as a curve) deﬁned over Fq2 .
We say that C is maximal over Fq2 if the number of its rational points attains Hasse–Weil’s upper
bound:
#C(Fq2) = 1+ q2 + 2gq,
where g = g(C) is the genus of C .
E-mail address: saeed@impa.br.
1 The author was in part supported by a grant from IPM (No. 90140131).1071-5797/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.ffa.2012.07.002
1014 S. Tafazolian / Finite Fields and Their Applications 18 (2012) 1013–1016In this paper, we consider maximal hyperelliptic curves over a ﬁnite ﬁeld with q2 elements of
characteristic p > 2. Let C be a hyperelliptic curve over Fq2 of genus g . Then C can be deﬁned by an
aﬃne equation of the form
y2 = f (x),
where f (x) is a polynomial over Fq2 of degree 2g + 1 or 2g + 2, without multiple roots.
The question which motivated this paper is: under what conditions on q is the hyperelliptic curve
C given by the equation
y2 = xm + x
maximal over Fq2 ? See Remark 7 here. In this regard we show that
Theorem 1. The smooth complete hyperelliptic curve C corresponding to
y2 = x2g+1 + x
is maximal over Fq2 if and only if q ≡ −1 or 2g + 1 (mod 4g).
To prove our main result, we recall some deﬁnitions and properties of maximal curves. We denote
by L(t) the L-polynomial of a curve C over Fq2 , i.e., the numerator of its zeta function. This is put in
the form L(t) = (1−γ1qt) · · · (1−γ2gqt), where γ1, . . . , γ2g are complex numbers of absolute value 1.
From [4, Corollary 5.1.16] we conclude that C is maximal over Fq2s if and only if we have
γ s1 = · · · = γ s2g = −1.
Therefore we obtain the following result about maximality of a curve over a constant ﬁeld exten-
sion.
Proposition 2. Let C be a maximal curve over Fq2 . Then C is maximal over the constant ﬁeld extension Fq2s if
and only if s is odd.
The following theorem is crucial for us (see [3, Theorems 1 and 2]).
Theorem 3. Let C be a hyperelliptic curve deﬁned by the equation y2 = f (x) over Fq2 . Let L(t) = (1− γ1qt)
· · · (1 − γ2gqt) be the L-polynomial of the curve C . Then in the case f (x) = x2g+1 + 1, γ1, . . . , γ2g are roots
of unity if and only if there exists n ∈ N such that pn ≡ −1 (mod 2g + 1), and in the case f (x) = x2g+1 + x,
γ1, . . . , γ2g are roots of unity if and only if there exists n ∈N such that pn ≡ −1 or 2g + 1 (mod 4g).
We also need the following result which follows from the proof of Theorem 3 given in [3] (see [3,
Corollaries of Theorems 1 and 2]).
Proposition 4. Let the notation be as in Theorem 3 and assume that q = p. Then there exists some integer
k > 0 satisfying
γ1
k = · · · = γ2gk = 1
if and only if there exists some integer l > 0 satisfying
γ1
l = · · · = γ2gl = −1.
S. Tafazolian / Finite Fields and Their Applications 18 (2012) 1013–1016 1015In this case, the minimum of such k’s is equal to 2 times the minimum of such l’s and it coincides with 4
times the minimum of n’s satisfying pn ≡ −1 (mod 2g+1), or for the other case pn ≡ −1 or 2g+1 (mod 4g).
A well-known example of a maximal curve over Fq2 is the Hermitian curve H; it is deﬁned by
the equation xq+1 + yq+1 = 1 (see [4, Example 6.3.6]). If we choose ξ ∈ Fq2 with ξq+1 = −1 and set
x1 := ξx, then the curve yq+1 = xq+11 + 1 is isomorphic over Fq2 to H. Furthermore, the Hermitian
curve H over Fq2 can be deﬁned by the equation yq+1 = xq + x (see [4, Lemma 6.4.4]).
Remark 5. A well-known result due to J.P. Serre claims that if there is a morphism deﬁned over a
ﬁnite ﬁeld between two curves f :D → C , then the L-polynomial of C divides the one of D. Hence
a subcover C of a maximal curve D is also maximal. For a proof of this fact we refer the interested
reader to [1, Proposition 2.3].
Now we are able to prove our main result.
Proof of Theorem 1. Suppose ﬁrst 4g divides q + 1. Set q + 1 = 4ga and q + 1 = 2b. Consider the
following morphism
{
H : yq+1 = xq+1 + 1 → C,
(x, y) → (x2a, xa yb).
Hence C is covered by the Hermitian curve H and Remark 5 implies that C is maximal over Fq2 .
Now if q ≡ 2g + 1 (mod 4g), then we set q − 2g − 1 = 4ga and q + 1 = 2b. Consider the following
morphism
{
H : yq+1 = xq + x → C,
(x, y) → (x2a+1, xa yb).
Again C is covered by the Hermitian curve H and so is maximal over Fq2 .
Conversely, we can consider the curve C over Fp and so its L-polynomial over Fp is equal to
L(t) = (1 − γ1√pt) · · · (1 − γ2g√pt). If the curve C is maximal over Fq2 , q = pt , then we have that
γ 2t1 = · · · = γ 2t2g = −1. From Theorem 3 we can ﬁnd a number f which is the smallest positive integer
such that
p f ≡ −1 or 2g + 1 (mod 4g). (0.1)
Now by the ﬁrst part, we conclude that the curve C is maximal over Fp2 f . Hence we get γ 2 f1 =
· · · = γ 2 f2g = −1. If we deﬁne d := gcd( f , t), from Proposition 4 we obtain γ 2d1 = · · · = γ 2d2g = −1. By
minimality of f we get d = f . It implies that f divides t and so we set t = f h. From Proposition 2
we conclude that h is an odd number. Hence the result follows from Eq. (0.1) because t = f h and h
is odd. 
Now consider the curve C deﬁned by the equation y2 = x2g+2 + x. Using the coordinates x = 1/u
and y = v/ug+1, an alternative equation for the curve is v2 = u2g+1 + 1. In [5], it has been proved
that the curve y2 = xm +1 is maximal over Fq2 if and only if m divides q+1. In particular, in the case
m = 2g + 1 by using again Theorem 3 and Remark 5 we obtain the following result. Due to similarity
(with the above proof) we omit the proof.
1016 S. Tafazolian / Finite Fields and Their Applications 18 (2012) 1013–1016Theorem 6. The smooth complete hyperelliptic curve C corresponding to
y2 = x2g+1 + 1
is maximal over Fq2 if and only if 2g + 1 divides q + 1.
Remark 7. In [2], among other things, the authors study the equations y2 = x2g+1 + 1 and y2 =
x2g+1 + x over a ﬁnite ﬁeld F with arbitrary prime power  for g = 3. When the cardinality  of the
ﬁnite ﬁeld is a square, Theorems 1 and 6 here generalize Propositions 3, 4 and 6 in [2] to arbitrary
genus g .
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